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Abstract
We consider four-dimensional supersymmetric compactifications of theE8×
E8 heterotic string on Calabi-Yau manifolds endowed with vector bundles
with structure group SU(N) × U(1) and five-branes. After evaluating
the Green-Schwarz mechanism and deriving the generalized Donaldson-
Uhlenbeck-Yau condition including the five-brane moduli, we show that
this construction can give rise to GUT models containing U(1) factors like
flipped SU(5) or directly the Standard Model even on simply connected
Calabi-Yau manifolds. Concrete realizations of three-generation models
on elliptically fibered Calabi-Yau manifolds are presented. They exhibit
the most attractive features of flipped SU(5) models such as doublet-triplet
splitting and proton stability. In contrast to conventional GUT string mod-
els, the tree level relations among the Standard Model gauge couplings at
the GUT scale are changed.
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1 Introduction and Summary
If nature really knows about superstring theory, it must of course be possible to
embed the observed Standard Model of particle physics into the theory. Most
attempts to verify this hope explicitly and thereby provide the first ultra-violet
completion of the low-energy effective quantum field theory initially focused on
the E8 × E8 heterotic corner of the M-theory star. The attitude has been to break
the original ten-dimensional gauge group down to phenomenologically appealing
GUT groups and to recover the observed light matter as irreducible represen-
tations of the latter [1]. The classic approaches comprise compactifications on
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toroidal orbifolds or more generally on Calabi-Yau manifolds endowed with sta-
ble holomorphic vector bundles. In the latter case, giving VEVs to the internal
field strengths with values in, say, an SU(4) or SU(5) subgroup of one of the E8
factors leads to the respective commutant in E8, SO(10) or SU(5) as the four-
dimensional gauge group. The 248 representation of E8 very naturally splits into
the respective GUT multiplets which incorporate the chiral fermions of the Stan-
dard Model. However, in this construction it is impossible to realize the GUT
breaking further down to SU(3) × SU(2) × U(1)Y via a field theoretic Higgs
mechanism, simply because the required vector-like pairs from which the GUT
Higgs could arise are not present in the particle spectrum1. This necessitates
the use of discrete Wilson lines as an alternative GUT breaking mechanism and
considerably complicates the construction of heterotic Standard Model vacua.
The point is that in order to have these Wilson lines at our disposal, we need to
work on Calabi-Yau manifolds with non-zero first fundamental group, and con-
structing them explicitly takes quite some effort. It has been one of the recent
triumphs of string model building to provide classes of such Calabi-Yau manifolds
as quotients of manifolds under an appropriate freely-acting orbifold group and
to construct non-abelian vector bundles on them [2–7]. Globally defined realistic
models from SU(5) GUT in this context have been provided in [8]. For realistic
models from SO(10) see [9, 10].2 A recent construction of realistic models in the
setup of heterotic toroidal orbifolds can be found in [13].
Independently of the heterotic model building industry, the discovery of D-
branes has opened up a complementary path to incorporating gauge interactions
into string theory, more precisely the Type II theory or orientifolds thereof. The
extensive analysis of intersecting D-brane models in Type IIA (for the most re-
cent review and references consult [14]) demonstrated that not only non-abelian,
but also abelian background gauge instantons can be of phenomenological inter-
est. The connection between the two pictures is that the objects mirror dual to
D6-branes at angles are magnetized D9-branes in Type I theory, which in turn
are S-dual to abelian background bundles in the SO(32) heterotic theory. It is
therefore of obvious relevance to explore the usually neglected use of non-trivial
line bundles3 in heterotic compactifications with the hope of extending our model
building possibilities beyond the classic embedding of vector bundles with van-
ishing first class only. Likewise, one might wonder if turning on also non-abelian
gauge bundles on D9-branes in Type I might lead to interesting constructions. A
step into that direction has been performed in [20–22], where it has been demon-
1Note, however, that in the context of higher-level Kac-Moody algebras GUT Higgses can
be realized.
2For these latter constructions, stability of the visible sector bundle has been proven in
[11,12]. However, as of this writing, no stable hidden bundle has been found in order to satisfy
the tadpole cancellation condition. As they stand, the models are therefore not yet globally
defined.
3For some early references see [15–18] and more recently [19].
3
strated that vacua with Standard-Model like gauge group and matter do indeed
exist in the framework of these non-abelian braneworlds.
Building upon and extending the results of [21,23], it is the aim of this article
to construct realistic vacua from the E8 × E8 string with general (non-)abelian
vector bundles. We will see that the embedding of SU(4) × U(1) bundles very
naturally leads to the breaking of E8 down to the GUT group SU(5) × U(1)X .
In fact, the quantum numbers of the resulting matter representations are pre-
cisely those of the flipped SU(5) model [24,25]. Previous attempts to realize this
scenario from different string constructions include [26, 27]. A priori, the U(1)X
receives a Stueckelberg mass due to the Green-Schwarz mechanism so that we
seem to be back in the classic Georgi-Glashow scenario and face the problem
pointed out above that we need Wilson lines for GUT breaking. By contrast, we
can alternatively embed the same line bundle also into the second E8 in such a
way that the U(1)X is now a linear combination of the two abelian factors and re-
mains massless. Remarkably, due to the particular way how the MSSM quantum
numbers are assigned to the various representations in flipped SU(5), the GUT
Higgs can now arise from a 10 − 10 pair present in the spectrum. We can thus
circumvent the necessity of working on Calabi-Yau manifolds with π1(CY3) 6= 0,
thereby bringing a large number of geometric backgrounds back into the heterotic
model building business. Following the same rationale, it is also possible to di-
rectly arrive at the MSSM gauge group from E8×E8 by employing SU(5)×U(1)
bundles. The resulting matter representations carry exactly the MSSM quantum
numbers.
Our explicit model search has focused so far on elliptically fibered Calabi-Yau
manifolds: Here we profit from the spectral cover construction as the working
horse to arrive at stable holomorphic vector bundles [28, 29]. Besides, we will
see that the elliptic fibration property of the Calabi-Yau admits a very natural
solution to some of the constraints arising in our construction. Concretely, in both
cases we embed the bundle W = V ⊕L−1 into the first E8 with V being a U(4) or
U(5) bundle, respectively, and the line bundle L−1 chosen such that c1(W ) = 0.
The bundle V arises by first constructing a stable SU(4) respectively SU(5)
bundle a` la Friedman-Morgan-Witten and then twisting it by a line bundle [21].
Our search has provided a couple of models with precisely three chiral generations
of MSSM matter and no further chiral exotics. The detailed analysis of the
non-chiral part of the spectrum is of course essential and postponed to a future
publication.
At the technical level, the use of non-trivial line bundles makes a very careful
investigation of anomalous U(1)s and the associated Green-Schwarz mechanism
necessary. In this respect we will extend the analysis of [23] to vacua including
also heterotic five-branes. Among the new features appearing is the presence
of additional Green-Schwarz counter terms which have to cancel mixed abelian
anomalies due to the presence of the five-branes. The existence of these additional
terms is consistent with the recent analysis of six-dimensional compactifications
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of the heterotic string with line bundles and five-branes [30]. They can be further
justified by a direct derivation from heterotic M-theory. Even in the absence of
abelian gauge factors, these terms contribute to the four-dimensional threshold
corrections and lead to five-brane dependent expressions which have also been
observed in reducing Witten’s background solution to heterotic M-theory [31,
32]. Likewise, the one-loop correction of the Donaldson-Uhlenbeck-Yau equation
of [23] receives five-brane dependent contributions. From the associated Fayet-
Iliopoulos terms of the effective four-dimensional supergravity theory we will find
a new D-term potential for the M5-brane in heterotic M-theory induced by abelian
line bundles on either of the two ten-dimensional E8-orbifold planes.
Phenomenologically, our SU(5) × U(1)X construction inherits the appealing
features of the flipped SU(5) scenario, in particular the natural solution of the
doublet-triplet splitting problem and the automatic suppression of dangerous
dimension-five operators leading to proton decay [33]. In addition, as a conse-
quence of the particular properties of our bundle embeddings, the Standard Model
Higgs turns out to carry different quantum numbers than the lepton doublet, and
thus also dimension-four decay operators are absent. Since the massless U(1)X
is actually a combination of two abelian factors from both E8’s, the standard
GUT relation for the tree-level MSSM gauge couplings is not satisfied; however,
by taking into account also the threshold corrections which manifestly depend on
the Ka¨hler moduli of the internal manifold one can achieve the usual gauge cou-
pling unification on a codimension-one hypersurface in the Ka¨hler moduli space.
After all, we should not forget that, like in all weakly coupled heterotic construc-
tions, the four-dimensional Planck scale comes out too low and we should really
promote the model to the strong coupling Horava-Witten regime [34]. This, too,
is in fact nothing else than choosing part of the Ka¨hler moduli of the model - in
this case the size of the eleventh dimension - in a phenomenologically appealing
range.
The remainder of this article is organised as follows: Section 2 begins with
a summary of the model building constraints for the heterotic string with line
bundles. We will then outline the modifications of the Green-Schwarz mecha-
nism in the presence of five-branes and describe the M-theory origin of the new
five-brane induced counter terms. Along the way we give an independent deriva-
tion, consistent with S-duality, of the correct normalisation of the Green-Schwarz
terms, which we will need for concrete model building. This computation is rel-
egated to Appendix A. The rest of section 2 discusses the issue of gauge-axion
masses, threshold corrections and one-loop corrected Fayet-Iliopoulos terms and
concludes with a brief discussion of the D-term potential for five-branes gener-
ated by line bundles. In section 3 we will introduce our novel realisation of the
flipped SU(5) including a brief discussion of Yukawa couplings and proton decay.
Section 4 contains the results of our explicit model search on a Calabi-Yau man-
ifold elliptically fibered over dP4. We give the details of a vacuum with precisely
the three-generation Standard Model chiral spectrum and no chiral exotics. Fur-
5
ther such solutions which we have found are collected in Appendix B. Finally,
in section 5, we describe how to directly arrive at the MSSM gauge group by a
construction similar to that in section 4. Our model search again produces a cou-
ple of realistic solutions with just the MSSM chiral spectrum, as also displayed
in Appendix B. Before concluding, we comment on the issue of gauge coupling
unification in our scenario.
Note added: While we were preparing the results of this project for publica-
tion, we received the two very interesting eprints [35] and [36], which also analyse
aspects of heterotic vacua with abelian bundles.
2 The E8×E8 heterotic string with U(N) bundles
and five-branes
We consider the heterotic E8×E8 string compactified on a Calabi-Yau manifold
X endowed with an additional vector bundle whose structure group is embedded
into the E8×E8 ten-dimensional gauge group. In addition, we also allow for the
presence of heterotic respectively M-theory five-branes.
2.1 Review of model building constraints
To be more concrete, in this article we investigate vector bundles of the following
form
W =W1 ⊕W2, (1)
where W1 is embedded into the first E8 andW2 into the second. For each of these
bundles we take the Whitney sum
Wi = VNi ⊕
Mi⊕
mi=1
Lmi (2)
of the U(Ni) bundle VNi and the complex line bundles Lmi . They are chosen such
that
c1(Wi) = c1(VNi) +
Mi∑
mi=1
c1(Lmi) = 0. (3)
Consequently their structure group can be embedded into an SU(Ni +Mi) sub-
group of E8. The observable gauge group, being the commutant of this structure
group in E
(1)
8 , is then given by H = E(9−Ni−Mi) ×U(1)Mi. Depending on the line
bundles it can be further enhanced or U(1) factors can become massive due to
the Green-Schwarz mechanism.
Let us summarize some of the model building constraints to be satisfied [23]:
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• The vector bundles Wi have to admit spinors, i.e.
c1(Wi) ∈ H2(X, 2Z), (4)
which in view of (3) is automatically guaranteed for the bundles we consider.
• The Bianchi identity for the three-form H implies the tadpole cancellation
condition
0 =
1
4(2π)2
(
tr(F
2
1) + tr(F
2
2)− tr(R2)
)
−
∑
a
Naγa, (5)
to be satisfied in cohomology. Here F i denotes the curvature two-form of
the vector bundle Wi and γa represents the four-form Poincare´ dual to the
irreducible internal two-cycle Γa wrapped by the Na M5-branes. Note that
the trace is over the fundamental representation of E8 for the gauge bundles
and over the fundamental representation of SO(1, 9) for the curvature two-
form.
For the bundles (2) the resulting topological condition in cohomology can
generally be written as
2∑
i=1
(
ch2(VNi) +
1
2
Mi∑
mi=1
c21(Lmi)
)
−
∑
a
Naγa = −c2(T ). (6)
• At string tree level, the connection of the vector bundle has to satisfy the
well-known zero-slope limit of the Hermitian Yang-Mills equations,
Fab = Fab = 0, g
ab Fab = 0. (7)
The first equation implies that each term in (2) has to be a holomorphic vec-
tor bundle. The second equation can be satisfied precisely by holomorphic
µ-stable bundles which meet in addition the integrability condition∫
X
J ∧ J ∧ c1(VNi) = 0,
∫
X
J ∧ J ∧ c1(Lmi) = 0, (8)
for all bundles individually. We will refer to the latter constraints in the
sequel as the tree-level Donaldson-Uhlenbeck-Yau (DUY) equation. As
has been demonstrated in [23] for the case without any M5-branes, the
DUY condition arises in the effective four-dimensional theory from a Fayet-
Iliopoulus term for the U(1) gauge fields. Moreover, it receives a one-loop
correction, which for the bundles we consider is of the form∫
X
J ∧ J ∧ c1(Lmi)− (9)
ℓ4s g
2
s
∫
X
c1(Lmi) ∧
(
ch2(VNi) +
1
2
Mi∑
ni=1
c21(Lni) +
1
2
c2(T )
)
= 0
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for all line bundles, where gs = e
φ10 and ℓs = 2π
√
α′. Of course the analo-
gous condition for VNi instead of Lmi is to be considered as well. In section
2.6 we will compute how this equation changes if M5-branes are included. In
addition we have to require that the real part of the likewise loop-corrected
gauge kinetic functions in the effective field theory are positive [20, 37].
2.2 Green-Schwarz mechanism with M5-branes
The use of non-trivial line bundles makes a careful analysis of anomalous U(1)
factors indispensible. It turns out that if we want to allow for the presence of
five-branes to more easily find solutions of the tadpole condition (6), the asso-
ciated Green-Schwarz mechanism gets further modified. Let us explain briefly
how the Green-Schwarz anomaly cancellation mechanism works for the case that
M5-branes are included. Along the way we will identify additional terms in the
effective action which have to be present for a consistent coupling of the five-
branes to the bulk action. Recall that for five-branes in the SO(32) heterotic
string, there appears extra bifundamental chiral matter with respect to the uni-
tary gauge groups and the symplectic gauge groups supported on the five-branes.
The resulting extra contributions to the anomalies are cancelled by extra Green-
Schwarz terms from the 5-branes [21].
For the E8×E8 heterotic string the story must be different: In this case there
does not exist chiral matter arising from the M5-branes and in four dimensions
the M5-brane does not necessarily support a gauge field4.
Unless stated otherwise we will be working in string frame and using the
conventions of [38]. In ten dimensions the gauge and gravitational anomalies are
cancelled by the counter term [39, 40]5
SGS =
1
24 (2π)5 α′
∫
B ∧X8, (10)
where B is the Kalb-Ramond two-form field and the eight-form X8 reads, as
usual,
X8 =
1
24
TrF 4 − 1
7200
(
TrF 2
)2 − 1
240
(
TrF 2
) (
trR2
)
+
1
8
trR4 +
1
32
(
trR2
)2
. (11)
Explicitly taking care of the two E8 factors by writing F = F1 + F2 one gets
X8 =
1
4
(
trF 21
)2
+
1
4
(
trF 22
)2 − 1
4
(
trF 21
) (
trF 22
)− 1
8
(
trF 21 + trF
2
2
) (
trR2
)
+
1
8
trR4 +
1
32
(
trR2
)2
. (12)
4If the M5-brane wraps a two-cycle in the Calabi-Yau of genus g, then there exists a U(1)g
gauge group in four dimensions [32].
5There exists some confusion in the literature about the correct normalization of this term.
In appendix A we will present an independent derivation from the S-dual Type IIB orientifold
point of view. Note in particular that this correct factor differs from the one used in [20,21,23,
30, 37] by 2.
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Figure 1: Green-Schwarz counter term for the mixed gauge anomaly.
Using the tadpole cancellation condition (5), we dimensionally reduce this term
to
SGS =
2∑
i=1
{
1
8 (2π)3 α′
∫
B ∧ (trF 2i )
[
1
4(2π)2
(
trF
2
i −
1
2
trR
2
)
− 1
3
∑
a
Na γa
]
+
1
4 (2π)3 α′
∫
B ∧ tr(FiF i)
[
1
4(2π)2
(
trF
2
i −
1
2
trR
2
)
− 1
3
∑
a
Na γa
]
,
+
1
24 (2π)5 α′
∫
B ∧ [tr(FiF i)]2} (13)
− 1
96 (2π)3 α′
∫
B ∧
[
1
4(2π)2
(
trR2
) (
trR
2
)
− 2
∑
a
Na γa
]
− 1
24 (2π)5 α′
∫
B ∧ tr(F1F 1) tr(F2F 2).
(14)
In addition one has to take into account the kinetic term
Skin = − 1
4κ210
∫
e−2φ10 H ∧ ⋆10H, (15)
where κ210 =
1
2
(2π)7 (α′)4 and the heterotic 3-form field strength H = dB(2) −
α′
4
(ωY −ωL) involves the gauge and gravitational Chern-Simons terms. Following
the steps detailed in [23] and computing the diagrams as shown in figure 1 results
in the Green-Schwarz six-form
A ∼ Apert − 1
24(2π)4α′
∑
a
Na
∫
Γa
tr(F1F 1)
[
1
4
(
trF 21 + trF
2
2 − trR2
)
+
3
4
(
trF 21 − trF 22
)]
+ (1↔ 2). (16)
The term Apert precisely cancels the mixed abelian-nonabelian, mixed abelian-
gravitational and mixed abelian anomalies arising from the two E8 factors [23].
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Since there does not exist any chiral matter from the M5-branes, the only way to
compensate the second term in (16) is by additional Green-Schwarz terms from
the M5-branes. In fact, it is known that on the six-dimensional world-volume of
an M5-brane there lives a self-dual tensor field B˜a, which by dimensional reduction
gives rise to a two-form and a dual scalar. These can generate additional Green-
Schwarz counter terms.
More precisely, one can show that the following extra terms
S
(1)
GS =
1
96(2π)3α′
∑
a
Na
∫
Γa
B ∧ (trF 21 + trF 22 − trR2) (17)
and
S
(2)
GS =
1
8(2π)3α′
∑
a
Na
∫
Γa
B˜a ∧
(
trF 21 − trF 22
)
(18)
provide just the right counter terms to cancel the five-brane dependent part
in (16). We would therefore like to argue that these terms have indeed to be
present in the ten-dimensional effective action of the E8 heterotic string for a
consistent five-brane coupling. Even though the requirement of these terms by
anomaly cancellation is manifest only once we allow for background bundles with
non-zero first Chern class, their presence cannot depend on the gauge instanton
background, of course. In particular, they have an effect on the gauge kinetic
function also of the field strength associated with the semi-simple part of the
gauge group, as we will see in section 2.5. Note that the first term (17) involves
the ten-dimensional two-form B and the second term (18) all the tensor fields B˜a
living on the M5-branes. The terms (18) can be viewed as being due to the cross
terms in the kinetic action for the three-forms H˜a
6
Skin = − 1
2 (2π)3(α′)2
∫
Γa
e−2φ H˜a ∧ ⋆6 H˜a (19)
with
H˜a = dB˜a − α
′
8
(ωY,1 − ωY,2) . (20)
Both contributions to the effective action are also consistent with the analogous
Green-Schwarz mechanism in six-dimensional compactifications, as analysed re-
cently in [30].
6The following normalization of H˜a arises after straightforward dimensional reduction of
corresponding ten-dimensional terms to six dimensions. Due to the self-duality of H˜a we should
actually stick to the M-theory five-brane action [41], as will be done in section 2.3., but the
resulting change of normalisation of the kinetic term is just a matter of field redefinitions.
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2.3 M-theory origin of new GS-terms
The presence of these latter two counter terms (17) and (18) can also be derived
directly from Horava-Witten theory. The logic is very similar to that leading
to the usual Green-Schwarz terms from heterotic M-theory, as first described
in [31, 42]. Here we will extend the analysis to the five-brane dependent terms.
Our derivation was done independently from [43], where a similar analysis has
been performed7.
To fix our conventions, the effective action of heterotic M-theory in the up-
stairs picture is given by [44–46]
S = Skin + SCS + Scurv + SYM + SM5, (21)
Skin =
1
2 κ2
∫
M11u
RΩ− 1
2
G ∧ ⋆G,
SCS =
1
2 κ2
∫
M11u
1
6
C ∧G ∧G,
Scurv =
1
48(2π)3κ2T5
∫
M11u
C ∧
(
1
8
trR4 − 1
32
(trR2)2
)
,
SYM = −
2∑
i=1
1
2λ2
∫
M(10)
tr (F i ∧ ⋆F i)− 1
2
tr (R ∧ ⋆R),
where M11u =M10 × S1. The part of M5-brane action SM5 [41] relevant for our
purposes will be given at the end of this section. The compact eleventh dimension
takes values in the range −πρ < x11 ≤ πρ and the gauge fields are localized at
x11 = 0, πρ. It is understood that only the field components invariant under the
orbifold action x11 7→ −x11 are present in (21) [44]. Eleven-dimensional indices
will be denoted by I, J,K, ... and ten-dimensional ones by A,B,C, .... The ten-
dimensional gauge couplings are related to κ via λ2 = (4π)(2πκ2)2/3 and the
tension of the five-brane is given by T5 = (
2π
κ4
)1/3 [46].
In the presence of five-branes, the Bianchi identity for the field strength
G = dC gets modified as [32]
(dG)11ABCD = −κ
2
λ2
(
J1δ(x
11) + J2δ(x
11 − πρ) + 1
2
J5(δ(x
11 − y) + δ(x11 + y))
)
11ABCD
,
taking into account the contribution from the five-brane at x11 = y and its mirror
brane at x11 = −y. The generalisation to the case of several five-branes is obvi-
ous. The gauge and curvature sources at the orbifold fixed planes are given by
Ji = trF
i ∧ F i − 1
2
trR ∧R = dωi for i = 1, 2, while the five-branes contribute
7Note that this reference does not use the resulting Green-Schwarz terms for cancellation of
abelian anomalies and does not consider the terms (18) arising from the M5-brane action. Also,
to the best of our knowledge, the connection between the new GS terms and the FI-D-terms in
section 2.6 has not been explored previously.
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J5 = −4(2π)2δ(Γ). Here δ(Γ) is the four-form Poincare´ dual to the worldvol-
ume of the five-brane in M(10).8 In analogy with the Yang-Mills and Lorentz
Chern-Simons forms we also introduce the ten-dimensional three-form ω5 satis-
fying J5 = dω5.
Being interested in the ten-dimensional theory after Kaluza-Klein reduction
on S1, we now focus on the situation where the eleventh dimension is much smaller
than the ten-dimensional space. This is the limit in which the effective action of
the ten-dimensional weakly coupled heterotic string arises [31,42]. In this regime
ten-dimensional derivatives of gauge and curvature terms can be neglected as
compared to field variations along x11. Hence, one can give an approximate
solution for G and C to the above Bianchi identity and the equations of motion
DI GIJKL = 0 by splitting the fields into their zero-mode and a background part
as C = C(0) + C(1) and G = G(0) + G(1). Including also the five-brane sources,
we get
CABC = C
(1)
ABC , CAB11 = BAB,
GABCD = G
(1)
ABCD, GABC11 = (dB)ABC +G
(1)
ABC11,
C
(1)
ABC = −
κ2
2λ2
(
ω1ǫ(x
11) +
1
2
ω5(ǫ(x
11 − y) + ǫ(x11 + y))− x
11
πρ
(ω1 + ω2 + ω5)
)
ABC
G
(1)
ABCD = −
κ2
2λ2
(
J1ǫ(x
11) +
1
2
J5(ǫ(x
11 − y) + ǫ(x11 + y))− x
11
πρ
(J1 + J2 + J5)
)
ABCD
G
(1)
ABC11 = −
κ2
2λ2 πρ
(ω1 + ω2 + ω5)ABC . (22)
ǫ(x11) denotes the step function, i.e. ǫ(x11) = +1 for x11 positive and −1 oth-
erwise. Note that the part of G
(1)
ABCD linear in x
11 is cancelled precisely by the
contribution from G
(1)
ABC11 when the Bianchi identity is evaluated. The equations
of motion for the field strength G are only satisfied up to terms proportional to
∂Ji, which are assumed to be negligible in the limit we are considering [31, 42].
The ten-dimensional weakly coupled heterotic string theory is recovered by
compactification on S1 according to the standard ansatz
ds211 = e
−2φ/3 g
(10)
AB dx
A dxB + e(4φ/3)(dx11)2. (23)
In particular, the kinetic term for G contains a part involving the combination
G11ABCG
11ABC . Inserting the solution (22), integrating over S1 and focussing
only on terms not involving ω5 due to the five-branes precisely yields the familiar
kinetic term
SHkin = −
1
4κ210
∫
M(10)
e−2φH ∧ ⋆H (24)
8When we further compactify M(10) = M(4) × CY3 we have the obvious decomposition
δ(Γ) = δ(M(4)) ∧ γ for a five-brane wrapping the two-cycle dual to the four-form γ on CY3.
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for the ten-dimensional three-form field strength H = dB − α′
4
(ω1 + ω2) after
setting
1
κ210
=
2πρ
κ2
, α′ =
4κ2
2λ2πρ
=
2−1/3
π2ρ
(
κ
4π
)2/3. (25)
We are now ready to investigate the origin of the complete Green-Schwarz
counter terms including the contribution from the five-branes. They arise at
order ( κ
2
2λ2
)2 after inserting the above solution for C and G into the Chern-Simons
terms SCS in (21) as
SCS|( κ2
2λ2
)2
=
3
12 κ2
∫
M(10)
∫
S1
B ∧G(1) ∧G(1) ∧ dx11 (26)
=
πρ
4κ2
(
κ2
2λ2
)2
∫
M(10)
B ∧
(
2
3
(J21 + J
2
2 − J1J2)−
1
6
J5(J1 + J2)
)
plus additional terms proportional to
∫
B ∧ J25 , which however vanish after per-
forming the integral. To arrive at this expression we place the five-brane and its
mirror symmetrically at y = ±πρ
2
between the two orbifold fixed-planes. Addi-
tional contributions from the higher curvature corrections Scurv are
Scurv =
1
48(2π)3κ2T5
∫
M11u
C ∧
(
1
8
trR4 − 1
32
(trR2)2
)
=
1
24(2π)5α′
∫
M(10)
B ∧
(
1
8
trR4 − 1
32
(trR2)2
)
. (27)
The part 2
3
(J21 + J
2
2 − J1J2) in (26) combines with (27) into the standard
Green-Schwarz eight-form X8 [31, 42].
The additional counter terms (17) we are after now arise from J5(J1 + J2) =
−4(2π)2δ(Γ) ∧ (trF 21 + trF 22 − trR2). In summary, (26) and (27) yield in the
ten-dimensional limit
SGS = c
∫
M(10)
B ∧
(
X8 +
(2π)2
4
δ(Γ) ∧ (trF 21 + trF 22 − trR2)
)
(28)
with
c =
8
3
πρ
4κ2
(
κ2
2λ2
)2 =
1
24(2π)5α′
, (29)
as postulated in (17).
The origin of the second five-brane dependent counter term (18) lies in the
M5-brane action. With the normalisations of [41] (see e.g. also [47]), the part
relevant for our analysis is given by
SM5 = −T5
2
∑
a
Na
∫
Γa∪Γ′a
(
1
4
F˜a ∧ ⋆F˜a + C˜ + 1
2
dB˜a ∧ C
)
, (30)
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again summing over all branes and their mirrors. Here F˜a = dB˜a − C is the
modified field strength of the self-dual tensor field B˜a living on the five-brane
and C˜ is the bulk six-form potential dual to C. The contribution from (30)
we are interested in is the topological coupling dB˜a ∧ C. Following the general
strategy we insert again the appropriate background solution for C and place
brane and mirror brane at y = ±πρ
2
respectively to find
Stop = −T5
4
∑
a
Na
(∫
Γa
B˜a ∧ dC(1) +
∫
Γ′a
B˜a ∧ dC(1)
)
=
=
T5
4
κ2
2λ2
∑
a
Na
∫
Γa
B˜a ∧ (trF 21 − trF 22 ). (31)
It can be checked that, together with the kinetic term for B˜a, this coupling in-
deed yields precisely the required counter terms to cancel the contribution to the
five-brane anomaly in the second line of (16). In the standard ten-dimensional
normalisation of the kinetic action for B˜a which we used in (19) one eventually
recovers the counter term (18). Note that we are always free to change the nor-
malization of B˜a; different normalizations simply correspond to different physical
meanings of the modulus λa, to be introduced in section 2.5., which is associated
to the position of the five-brane along S1.
2.4 Gauge-axion masses
After this M-theoretic interlude we turn our attention to some relevant aspects
of the four-dimensional effective action of our upcoming construction of flipped
SU(5)× U(1)X and SU(3)× SU(2)× U(1)Y vacua. A central question we need
to address is whether the abelian gauge factors really remain massless after the
Green-Schwarz mechanism cancels potential anomalies. For this purpose, we
summarize in this section the various axion-gauge boson mass terms.
In the presence of five-branes, three kinds of axions come into the play: the
universal axion, b
(0)
0 , the Ka¨hler-axions, b
(0)
k , and finally the five-brane axions b˜
(0)
a .
They arise, together with their Hodge dual counterparts, from the reduction
of the Kalb-Ramond form, its dual six-form and the self-dual two-forms on the
five-branes
B(2) = b
(2)
0 + ℓ
2
s
h11∑
k=1
b
(0)
k ωk, B
(6) = ℓ6s b
(0)
0 vol6 + ℓ
4
s
h11∑
k=1
b
(2)
k ω̂k,
B˜a = b˜
(2)
a + ℓ
2
s b˜
(0)
a γ̂a. (32)
Here we have introduced a basis ωk, (k = 1, . . . , h11) of H
2(X,Z) together
with the Hodge dual four-forms ω̂k normalised such that
∫
X
ωk ∧ ω̂k′ = δk,k′.
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Likewise γ̂a is the Hodge dual of γa. Furthermore vol6 represents the volume
form of the internal Calabi-Yau manifold normalised such that
∫
X
vol6 = 1.
The final piece of notation we will need occurs in expressing relevant traces
as
tr
E
(i)
8
(FiF i) =
Mi∑
mi,ni=1
κmi,ni fmi fni (33)
tr
E
(i)
8
(F 2i ) = 2 trE9−Ni−Mi (F
2
i ) +
Mi∑
mi,ni=1
ηmi,ni fmi fni,
where the fmi and fmi denote the observable and internal U(1) gauge fields. Note
that the non-abelian part of the traces carries different numerical pre-factors for
bundles other than the one used in this article (see e.g. [30]). It is then a straight-
forward task to extract the mass terms for the various axions (or equivalently their
dual two-forms) from the heterotic action [23]: The mass terms for the universal
axion reads
M0,mi =
1
4(2π)2α′
∫
M(4)
b
(2)
0 ∧ fmi
[
Mi∑
ni=1
κmi,ni
∫
X
c1(Lni) ∧
(
ch2(VNi) +
1
2
Mi∑
ki=1
c21(Lki) +
1
2
c2(T )− 1
4
∑
a
Naγa
)]
. (34)
For the Ka¨hler axions the kinetic term for H3 induces the mass terms
Mk,mi =
1
2(2π)2α′
∫
M(4)
b
(2)
k ∧ fmi
[
Mi∑
ni=1
κmi,ni
∫
X
c1(Lni) ∧ ω̂k
]
(35)
and the 5-brane Green-Schwarz term yields the mass term
Ma,mi = ±
1
4 (2π)2α′
∫
M(4)
b˜(2)a ∧ fmi
[
Mi∑
ni=1
κmi,ni
∫
X
c1(Lni) ∧ γa
]
(36)
for the 5-brane axions. The plus sign holds for E
(1)
8 and the minus sign for E
(2)
8 .
A combination of abelian gauge fields or of axions, respectively, remains
massless, if it lies in the kernel of this whole axion-gauge boson mass matrix
(M0,Mk,Ma)mi .
2.5 Gauge couplings
In this section we extract the holomorphic gauge kinetic functions for the non-
abelian and abelian gauge groups [40,48–51]. The tree-level gauge kinetic function
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for the non-abelian factor is still simply f = S in terms of the complexified dilaton
S =
1
2π
[
e−2φ10
Vol(X)
ℓ6s
+ i b
(0)
0
]
. (37)
Let us furthermore define
1
4(2π)2
trF
2
i =
h11∑
k=1
(trF
2
i )k ω̂k, γa =
h11∑
k=1
(γa)k ω̂k. (38)
Then the one-loop corrected gauge kinetic function for the non-abelian gauge
fields in the large radius regime can be written as
f1,2 = S +
1
8
h11∑
k=1
Tk
(
trF
2
1,2 −
1
2
trR
2 −
∑
a
Naγa
)
k
± 1
2
∑
a
Na Λa. (39)
The complex scalars appearing above are the bosonic part of the N = 1 super-
fields and given by
Tk =
1
2π
[
− 1
ℓ2s
∫
X
J ∧ ω̂k + ib(0)k
]
, (40)
Λa =
1
2π
[
−λa Vol(Γa)
ℓ2s
+ i˜b(0)a
]
. (41)
The λa denote the scalars which together with the self-dual two-forms B˜a combine
into tensor multiplets on the six-dimensional world-volume of the five-branes. In
the strong coupling Horava-Witten model these scalars are nothing else than the
position of the respective five-branes along the eleventh direction.
In fact, what one can easily read off from the dimensionally reduced heterotic
action are the couplings between the various axions and the gauge fields and
thus the imaginary part of (39). The relevant contributions stem again partly
from the Green-Schwarz terms and the cross-terms of the kinetic action for the
underlying two-form fields (see again [23] for the details in our context). It is
of course the power of four-dimensional N = 1 supergravity which allows us to
simply reconstruct the full expression (39) since the gauge kinetic functions are
holomorphic. Consequently, for the real part, i.e. for the gauge couplings, one
gets at linear order in λa
4π
g21,2
=
e−2φ10
3ℓ6s
∫
X
J ∧ J ∧ J − 1
ℓ2s
∫
X
J ∧ 1
4(2π)2
(
trF
2
1,2 −
1
2
trR
2
)
+
1
ℓ2s
∑
a
Na
(
1
4
∓ λa
) ∫
Γa
J. (42)
The first term is the tree-level gauge coupling and receives one-loop theshold
corrections depending both on the Ka¨hler moduli of the Calabi-Yau and the five-
brane moduli λa (see also [43]). If we set all five-brane moduli to zero, then we
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nevertheless get a five-brane contribution of 1/4 to the one-loop gauge couplings
in both the first and the second E8. From the Horava-Witten point of view this
means that for λa = 0, the five-brane is placed exactly in the middle between
the two end of the world nine-branes and λa is measured with respect to this
symmetric configuration (see figure 2). We will give further evidence for this
interpretation momentarily.
The next-to-leading order M-theory computation carried out in [52, 53] pro-
vides an O(λ2) correction to the real part of the dilaton superfield
S =
1
2π
[
e−2φ10
Vol(X)
ℓ6s
+
∑
a
Na
λ2a
2ℓ2s
∫
Γa
J + i b
(0)
0
]
. (43)
This correction was derived in [53] essentially by requiring that the kinetic terms
for the self-dual two-form on the M5-brane can indeed be correctly incorporated
into an appropriate Ka¨hler potential. Using this result and holomorphy of the
gauge kinetic function leads to the gauge couplings
4π
g21,2
=
1
3ℓ6s g
2
s
∫
X
J ∧ J ∧ J − 1
ℓ2s
∫
X
J ∧
(
ch2(VN1,2) +
1
2
M1,2∑
n1,2=1
c21(Ln1,2) +
1
2
c2(T )
)
+
1
ℓ2s
∑
a
Na
(
1
2
∓ λa
)2 ∫
Γa
J. (44)
Note that the one-loop threshold corrections for the non-abelian gauge groups
are universal inside each E8 wall. For λa = −12 , the contribution of the five-brane
to the threshold corrections from E
(1)
8 is precisely that of a small instanton inside
E
(1)
8 . This unambiguously identifies λa as the relative position of the five-brane
measured with respect to the middle of the interval between the orbifold planes,
as suggested already. We point out once more that different normalisations of
the counter terms (18) would have resulted in a corresponding redefinition of λa.
Moreover, as expected, if one places the five-brane inside the E
(2)
8 wall, its gauge
threshold corrections to the gauge couplings from E
(1)
8 vanish and vice versa.
For the abelian gauge groups things are slightly different. The resulting in
general non-diagonal abelian gauge couplings are given by
4πRe(fmi,ni) =
ηmi,ni
12ℓ6sg
2
s
∫
X
J ∧ J ∧ J − ηmi,ni
4ℓ2s
∫
X
J ∧
(
ch2(VNi) +
1
2
Mi∑
ki=1
c21(Lki) +
1
2
c2(T )
)
− 1
12ℓ2s
∫
X
J ∧
(
Mi∑
pi,qi=1
κmi,piκni,qi c1(Lpi) c1(Lqi)
)
(45)
+
ηmi,ni
4ℓ2s
∑
a
Na
(
1
2
∓ λa
)2 ∫
Γa
J
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Figure 2: M5-brane potential in Horava-Witten theory on the Quintic induced
by abelian gauge flux on E
(1)
8 .
for both U(1) factors from the same E8 factor and by
4πRe(fm1,n2) = 4π fm1,n2 =
1
24ℓ2s
∫
X
J ∧
(
M1∑
p1=1
M2∑
q2=1
κm1,p1κn2,q2 c1(Lp1) c1(Lq2)
)
(46)
for one U(1) from the first and one U(1) from the second E8 (cf (33) for notation).
Apparently, only for trivial line bundles, i.e. Wilson lines, do the extra threshold
corrections vanish.
2.6 Fayet-Iliopoulos terms
Whenever we are dealing with anomalous U(1) gauge factors, there are potential
Fayet-Iliopoulos (FI) terms generated (e.g. [54]). With the help of the standard
supersymmetric field theory formula
Dm
ξm
g2m
= Dm
∂K
∂Vm
∣∣∣∣
V=0
, (47)
the FI parameters ξm can be computed from the Ka¨hler potential K. The Ka¨hler
potential in turn is of course determined by requiring that it reproduces the
various kinetic terms in the four-dimensional action in the Einstein frame. The
kinetic terms of the M5-brane action do not only induce the quadratic correction
(43) in the definition of the superfield S, but also dictate a modification of the
standard contribution −ln(S + S∗) to K by a term quadratic in Λa +Λ∗a [52,53].
Furthermore, the various axionic couplings of the abelian gauge fields induce
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additional modifications of K such that these terms are recovered in the superfield
formalism in the same way as the kinetic terms. In supergravity language, the
rationale behind this is that the N = 1 supergravity gets gauged by the axionic
shift symmetry; by a standard procedure the Ka¨hler potential has to be rendered
invariant under this gauging. As a result, the correct Ka¨hler potential takes the
form
K = −M
2
pl
8π
ln
[
S + S∗ −
∑
m
Qm0 Vm +
∑
a
Na
2
(Λa + Λ
∗
a −
∑
mQ
m
a Vm)
2
(γa)k(Tk + T
∗
k −
∑
aQ
m
k Vm)
]
−M
2
pl
8π
ln
[
−
h11∑
i,j,k=1
dijk
6
(
Ti + T
∗
i −
∑
m
Qmi Vm
)(
Tj + T
∗
j −
∑
m
Qmj Vm
)
(
Tk + T
∗
k −
∑
m
Qmk Vm
)]
. (48)
Here
M2
pl
8π
= κ−210 Vol(X) and Vm denotes the vector superfields. Note that for
Vm = 0 this is essentially the result derived in [52, 53]. The charges Q
m
k can be
identified as the couplings in the mass terms (34),(35),(36) using the definition
Smass =
M∑
m=1
h11∑
k=0
Qmk
2πα′
∫
IR1,3
fm ∧ b(2)k +
M∑
m=1
∑
a
Qma
2πα′
∫
IR1,3
fm ∧ b˜(2)a . (49)
We finally obtain for the Fayet-Iliopoulos term
ξmi
g2mi
= − 1
8ℓ6s
Mi∑
ni=1
κmi,ni
[∫
X
J ∧ J ∧ fni
2π
− e2φ10 ℓ4s
∫
X
fni
2π
∧ 1
4(2π)2
(
trF
2
i −
1
2
trR
2
)
+ e2φ10 ℓ4s
∑
a
Na
(
1
2
∓ λa
)2 ∫
Γa
fni
2π
]
. (50)
Thus we learn that a flux through the two-cycle Γa of a five-brane on the wall
E
(i)
8 generates a one-loop D-term potential for the five-brane modulus λa. From
(50) it seems at first sight that this D-term repels the five-brane from the wall
and vanishes only if the five-brane lies on top of the other wall. We will come
back to this issue in section 2.7.
The FI-term (50) generalizes the one-loop corrected DUY equation in the
presence of M5-branes to∫
X
J ∧ J ∧ c1(Lmi)− ℓ4s g2s
∫
X
c1(Lmi) ∧
(
ch2(VNi) +
1
2
Mi∑
ni=1
c21(Lni) +
1
2
c2(T )
)
+ ℓ4s g
2
s
∑
a
Na
(
1
2
∓ λa
)2 ∫
Γa
c1(Lmi) = 0. (51)
19
In general, these conditions provide constraints fixing combinations of the Ka¨hler
moduli, the dilaton and five-brane moduli.
Let us pause a moment to comment on the physical interpretation of the five-
brane contribution to the above D-term. Arising at one loop in the weakly coupled
heterotic string, it is expected to be due to appropriate amplitudes from mem-
branes after unfolding the wrapped eleventh dimension in the strongly-coupled
Horava-Witten regime. In fact, as derived in [53], there are non-perturbative con-
tributions to the F-term superpotential from open membranes stretching between
one of the orbifold fixed planes and the M5-brane provided that the worldvol-
ume of the membranes is precisely of the form I × Γa. Here I simply denotes
the interval along the eleventh dimension between the orbifold plane and five-
brane and Γa is as always the internal cycle wrapped by the M5-brane. We see
that, apparently, such configurations also contribute to the D-term potential if
the membrane can couple to some abelian background gauge flux on the orbifold
plane. As is manifest in (51), this can only happen if the five-brane wraps a
two-cycle which, pulled back to the end of the world, carries non-vanishing gauge
flux. In particular, this interpretation explains why the five-brane is sensitive
to the presence of the gauge flux along Γa even though it may be placed at an
arbitrary position along the eleventh dimension: The presence of the gauge flux
is communicated by the exchange of appropriate open membranes.
2.7 D-term potential for M5-branes
Let us discuss in a simple example what the effect of the FI terms is for the M5-
brane modulus λ. It is instructive to consider the Quintic Calabi-Yau manifold,
which has only one Ka¨hler modulus, and we assume that we have chosen a vector
bundle V ⊕ L−1 embedded into the first E8 wall without any matter charged
under the U(1). Then the D-term potential arising from the FI-term of the U(1)
is simply
VD =
1
2
g2
(
ξ
g2
)2
, (52)
where g denotes the gauge coupling of the U(1). For the Quintic one has c2(T ) =
10η2 and J = ℓ2sr η with r > 0 in terms of the single (1, 1)-form η. Moreover, we
write ch2(V ) = −vη2 + 12 l2η2 and ch2(L) = 12 l2η2 and introduce one five-brane
wrapping the class γ. The tadpole cancellation condition then reads
− v + l2 − γ2 = −10. (53)
The relevant D-term potential takes the form
VD ≃
(
r2
g2s
− (γ2 − 5) + (1
2
− λ)2 γ2)2(
r2
g2s
− 3(γ2 − 5) + 3 (1
2
− λ)2 γ2 − κ21,1
η1,1
l2
) . (54)
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For fixed string coupling gs = 0.5, radius r = 2 and parameters γ = l = 2,
κ21,1/η1,1 = 1/10, this potential for the five-brane modulus λ has the characteristic
shape shown in figure 2. Naively from the FI-term one might have expected
that the five-brane is repelled by the E8 walls carrying a non-trivial line bundle.
However, the contribution of the g2 term multiplying the FI-term in the scalar
potential changes this picture and leads to an attractive potential between the
five-brane and the E8 wall carrying the bundle. This is actually well in agreement
with the interpretation of the D-term potential as being due to open membranes
stretching between the orbifold fixed plane and the M5-brane: Their contribution
is of course minimized precisely if the interval along which they wrap between
the end of the world and the five-brane is vanishing.
3 Flipped SU(5)× U(1)X
We are finally in a position to discuss the central part of this article, the applica-
tion of the formalism introduced so far to the construction of GUT like heterotic
string compactifications. As pointed out in the introduction, what has been dis-
cussed in detail so far in the literature is the following standard realisation of
GUT gauge groups. On the Calabi-Yau one chooses an SU(4) or SU(5) bundle
embedded into one of the two E8 factors. The resulting observable gauge groups
are SO(10) or SU(5), respectively. In addition one gets chiral matter transform-
ing in the (16) or (10) + (5) representation of the gauge group. However, in these
scenarios there does not appear a Higgs field that can break the GUT group down
to the Standard Model. This is achieved by breaking SO(10) or SU(5) via non-
trivial discrete Wilson lines, which in general can only exist if the fundamental
group of the Calabi-Yau is non-trivial. Such Calabi-Yau’s can be constructed by
taking free discrete quotients of a Calabi-Yau with vanishing fundamental group.
The electroweak Higgs can appear from the (10) or the (5) + (5) representations.
Without doubt, from the physical point of view, this is a very simple and com-
pelling picture and recently models whose particle spectrum is quite close to the
Standard Model have been constructed [3, 8, 10].
As mentioned above, in this construction the breaking of the gauge symme-
try down to the Standard Model is achieved via discrete Wilson lines, in more
mathematical terms by flat abelian bundles. In this section we would like to
investigate whether one can use also non-flat line bundles to obtain phenomeno-
logically interesting GUT models. We will see that we will almost directly be led
to considering flipped SU(5) models.
3.1 SU(4)× U(1) bundles
Instead of first using an SU(4) bundle and then breaking
SO(10) down to flipped SU(5) by a discrete Wilson line, we consider a bundle
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with structure group SU(4) × U(1) on a Calabi-Yau X with π1(X) = 0. Such
types of construction have been considered in [16] before and further details of
this particular one can be found in [23] (see also the recent articles [35, 36]).
The starting point is a bundle
W = V ⊕ L−1, with c1(V ) = c1(L), rank(V ) = 4, (55)
with structure group SU(4)× U(1). This bundle W can now be embedded into
an SU(5) subgroup of E8 so that the commutant is SU(5) × U(1)1. We embed
the U(1) bundle such that the charge matrix is
Q1 = (1, 1, 1, 1,−4), (56)
in the notation of [23]. In fact, consider the breaking of the original structure
group SU(5)→ U(4)× U(1) and the corresponding decomposition of (5, 10)→
(4, 10)−1+ (1, 10)4 to read off the unique charge assignments of V and L. Using
the decomposition of the adjoint representation of E8
248
SU(4)×SU(5)×U(1)−→

(15, 1)0
(1, 1)0 + (1, 10)4 + (1, 10)−4 + (1, 24)0
(4, 1)−5 + (4, 5)3 + (4, 10)−1
(4, 1)5 + (4, 5)−3 + (4, 10)1
(6, 5)2 + (6, 5)−2
 , (57)
we list the resulting massless spectrum in Table 1.
SU(5)× U(1)1 bundle SM part.
10−1 V (qL, d
c
R, ν
c
R) + [H10 +H10]
104 L
−1 −
53 V ⊗ L−1 (ucR, lL)
5−2
∧2 V [(h3, h2) + (h3, h2)]
1−5 V ⊗ L ecR
Table 1: Massless spectrum of H = SU(5)× U(1)1 models.
The massless fields precisely carry, up tp a common factor, the U(1)X charges as
appearing in the flipped SU(5) [24, 25], QX = −12 Q1.9 Recall that this model
9Note that the normalisation of QX , as chosen here, differs from the one in [24] by a factor
of 12 .
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differs from the conventional Georgi-Glashow GUT scenario in that the U(1)Y is
not entirely contained in the SU(5), but arises as the specific linear combination
1
2
QY = −1
5
QZ +
2
5
QX , (58)
where Z is the generator of SU(5) commmuting with the generators of the
Standard Model SU(3) × SU(2). In the normalisation of [24] Z is given by
Z = diag(−1/3,−1/3,−1/3, 1/2, 1/2). The way how the MSSM matter orga-
nizes into flipped SU(5) multiplets is related to the Georgi-Glashow scenario by
the flip
dcR ↔ ucR, ecR ↔ νcR. (59)
Most importantly, the (10)−1 contains the right-handed neutrino as a particle
uncharged under the MSSM SU(3) × SU(2) × U(1)Y , and giving it a VEV can
therefore serve as the Higgs effect breaking the GUT group down to the Standard
Model one. It is this peculiarity of flipped SU(5) which at first sight allows us to
work on manifolds without Wilson lines. However, if we only consider the bundle
(55) inside the first E8 with c1(L) 6= 0, one Ka¨hler/dilaton modulus receives a
mass from the DUY constraint and therefore also one axion in combination with
the U(1)X gauge boson. Therefore, after GUT Higgsing by H10 the resulting
U(1)Y would also be massive. This seems to bring us back into the old situation
that we are forced to consider manifolds with non-vanishing fundamental group
to allow for non-trivial flat bundles10.
Alternatively, here we propose to embed a second line bundle into the other
E8, such that a linear combination of the two observable U(1)’s remains massless.
Concretely, we embed the line bundle L (or more precisely L⊕ L−1) also in the
second E8, where it leads to the breaking E8 → E7×U(1)2 and the decomposition
248
E7×U(1)−→ { (133)0 + (1)0 + (56)1 + (56)−1 + (1)2 + (1)−2 } . (60)
The resulting massless spectrum is displayed in Table 2. The tadpole cancellation
E7 × U(1)2 bundle
561 L
−1
12 L
−2
Table 2: Massless spectrum of H = E7 × U(1)2 models.
10For π1(X) = 0, a line bundle with c1(L) = 0 is always trivial and the observable gauge
group gets enhanced to SO(10).
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condition for this model reads
ch2(V ) + 3 ch2(L)−
∑
a
Naγa = −c2(T ). (61)
Considering the mass terms in (34) and (35) and computing
κ1,1 = −10, κ2,2 = −4, (62)
one realizes that the linear combination
U(1)X = −1
2
(
U(1)1 − 5
2
U(1)2
)
(63)
remains massless if the following conditions are satisfied∫
X
c1(L) ∧ c2(V ) = 0,
∫
Γa
c1(L) = 0 for all M5 branes. (64)
The resulting chiral massless spectrum simplifies considerably and is given in
Table 3.
SU(5)× U(1)X ×E7 bundle SM part.
(10, 1) 1
2
χ(V ) = g (qL, d
c
R, ν
c
R) + [H10 +H10]
(10, 1)−2 χ(L
−1) = 0 −
(5, 1)− 3
2
χ(V ⊗ L−1) = g (ucR, lL)
(5, 1)1 χ(
∧2 V ) = 0 [(h3, h2) + (h3, h2)]
(1, 1) 5
2
χ(V ⊗ L) + χ(L−2) = g ecR
(1, 56) 5
4
χ(L−1) = 0 −
Table 3: Massless spectrum of H = SU(5)× U(1)X models with g = 12
∫
X c3(V ).
Therefore, one gets precisely g generations of flipped SU(5) matter. Note that in
general the right-handed electrons receive contributions from both the first and
the second E8. From a phenomenological point of view, we want to circumvent
these latter in order to avoid non-MSSM like selection rules for their Yukawa
couplings. They are absent if additionally one requires∫
X
c31(L) = 0. (65)
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If the tadpole condition is satisfied, this implies, together with (64), that also∫
X
c1(L)∧c2(T ) = 0. With these extra conditions, the generalized DUY condition
for the bundle L simplifies considerably,∫
X
J ∧ J ∧ c1(L) = 0, (66)
and contains only the tree-level part. Therefore, it freezes only one of the h11
Ka¨hler moduli. By contrast, the threshold corrections to the gauge kinetic func-
tions will be non-vanishing. For consistency of the low-energy effective theory
we need to ensure that the DUY can actually be solved in a regime inside the
Ka¨hler cone where the real part of the threshold corrected gauge kinetic functions
is positive, at least for the unbroken gauge symmetries. Apart form the SU(5)
and the hidden E7 symmetry, we will therefore have to check this condition for
the gauge kinetic function of the generator of U(1)X , which is given by
fX,X =
1
4
(
f1,1 +
(
5
2
)2
f2,2 + 5 f1,2
)
(67)
in terms of the the corresponding objects for U(1)1 and U(1)2.
3.2 Yukawa couplings and proton decay
This string theory realization of flipped SU(5) × U(1)X features many, though
not all, of the characteristic features of the field theory GUT model. For their
details we refer to [24,25,33]. In particular, the GUT breaking via a non-vanishing
vacuum expectation value of the singlet component inH10+H10 leads to a natural
solution of the doublet-triplet splitting problem via a missing partner mechanism
in the superpotential coupling
10H1
2
10H1
2
5−1. (68)
Therefore, problematic dimension-five operators mediating proton decay can be
suppressed. Moreover, the gauge invariant Yukawa couplings
10i1
2
10
j
1
2
5−1, 10
i
1
2
5
j
− 3
2
51, 5
i
− 3
2
1
j
5
2
5−1, (69)
lead to Dirac mass-terms for the d, (u, ν) and e quarks and leptons after elec-
troweak symmetry breaking. If there exist additional gauge singlets Φ, then
couplings of the form 10i1
2
10
H
− 1
2
Φ can give rise to Majorana type neutrino masses
and therefore to a see-saw mechanism.
Since the electroweak Higgs carries different quantum numbers than the lepton
doublet, the dangerous dimension-four proton decay operators
l l e ∈ 5i− 3
2
1
j
5
2
5
k
− 3
2
, qd l, udd ∈ 10i1
2
10
j
1
2
5
k
− 3
2
(70)
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are not gauge invariant and thus absent. A detailed discussion of this peculiar
property of heterotic constructions with line bundles has recently been given
in [35] in the context of Georgi-Glashow SU(5). Furthermore, as shown in [55],
flipped SU(5) differs from the Georgi-Glashow model in that also the dimension-
six proton decay operators, emerging after integrating out the off-diagonal gauge
bosons in the (3, 2), can be completely eliminated. Additional details and more
references can also be found in [56].
The issue of gauge coupling unification for this model is absolutely identical to
the discussion to be presented in section 5.2. Due to the embedding of U(1)X into
both E8 walls, the tree level gauge couplings satisfy the relation α3 = α2 =
8
3
αY
instead of the usual factor 5/3. Therefore, with the minimal supersymmetric
matter content the tree level gauge couplings do not unify atMGUT = 2·1016GeV.
What rescues us are the one-loop threshold corrections to be further discussed in
section 5.2.
4 Three-generation models
It is now time to construct explicit examples of our framework with three chiral
generations. This will be done choosing as the background manifold an elliptically
fibered Calabi-Yau threefold, where we can exploit the spectral cover construc-
tion [28, 29] to endow it with stable holomorphic vector bundles. Let us first
recapitulate briefly the most important aspects of such a construction (see also
the account in [57] for further details). The reader familiar with this technique
may wish to jump directly to section 4.3.
4.1 Elliptically fibered Calabi-Yau manifolds
An elliptically fibered Calabi-Yau three-fold X consists of a complex two-surface
B as base space, together with an analytic map
π : X → B, (71)
where fibers over each point b in the base
Eb = π
−1(b) (72)
are elliptic curves, which can be described by the homogeneous Weierstrass equa-
tion
zy2 = 4x3 − g2xz2 − g3z3. (73)
Additionally, we require X to admit a global section σ : B → X , assigning to
every point in the base b ∈ B the zero element σ(b) = p ∈ Eb on the fiber. We
denote by L the conormal bundle to the section σ(B). One can regard g2 and g3
26
as sections of L4 and L6, respectively, where Li is the i-fold tensor product of L
with itself.
The Calabi-Yau condition requires, besides the fact that the base space and
the fibers have to be complex manifolds themselves, that the first Chern class of
the tangent bundle T must vanish,
c1(T ) = 0. (74)
This implies L = K−1B , where KB is the canonical bundle of the base space.
It follows that K−4B and K
−6
B must have sections g2 and g3, respectively. The
surfaces compatible with this condition are found to be del Pezzo, Hirzebruch,
Enriques und blow-ups of Hirzebruch surfaces.
It has been shown that on such spaces the Chern classes of the tangent bundle
of the total space are given by the Chern classes of the base space. Especially,
we need later the second Chern class of the tangent bundle:
c2(T ) = 12σc1(B) + 11c1(B)
2 + c2(B), (75)
where σ is the Poincare´ dual two-form to the global section.
4.2 Spectral cover construction
A U(n) or SU(n) vector bundle over an elliptically fibered Calabi-Yau space X
can be obtained via the so-called spectral cover construction. The starting point
is the observation that a vector bundle on an elliptic curve splits into a direct
sum of line bundles
V = N1 ⊕ . . .⊕Nn. (76)
Since finally, the vector bundle should be supersymmetric, it must admit a field
strength satifying the hermitian Yang-Mills equations, which is equivalent to the
requirement that the associated bundle is holomorphic µ-semi-stable. Therefore,
the line bundles Ni must be of degree zero. On an elliptic curve this means that
there is a unique point Qi such that there is a meromorphic section of Ni with a
pole at Qi and with a zero at the origin p. Thus, the vector bundle on the curve
is determined by an unordered n-tuple of points on the curve.
In intuitive terms, on an elliptically fibered space a vector bundle is then
determined by a set of n points, varying over the base, i.e. an n-fold cover of
B with πC : C → B. This is called the spectral cover, determining the vector
bundle on the fibers. One has additionally to specify one more line bundle N
such that πC∗N is a vector bundle on B with the direct sum of n lines N|Qi
as fibers. The whole vector bundle on X is given using the Poincare´ bundle P,
which is a line bundle over the fiber product X ×B C,
V = π1⋆(π∗2N ⊗P). (77)
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Here π1 and π2 are the projections on the first and second factor of the fiber
product, respectively.
Since for U(n) bundles constructed in this way, the semi-stability is an intri-
cate issue, we consider from now on only SU(n) bundles and twist them finally
with U(1) bundles to obtain U(n) bundles, which are µ-semi-stable again . For
an SU(n)-bundle we have the additional condition that the first Chern class must
vanish. Friedman, Morgan and Witten [29] have found a formula for c1(V),
c1(V) = πC∗(c1(N ) + 12c1(C)− 12π∗c1(V)), (78)
where c1(C) and c1(B) are the first Chern classes of the tangent bundles of C
and B, respectively. Since c1(V) must vanish, we have
c1(N ) = −12c1(C) + 12π∗Cc1(B) + γ (79)
in terms of the cohomology class γ satisfying
πC∗γ = 0. (80)
In general, γ can be writen as
γ = λ(nσ − π∗Cη + nπ∗Cc1(B)), (81)
where λ ∈ Q. Putting everything together, we have
c1(N ) = n(12 + λ)σ + (12 − λ)π∗Cη + (12 + nλ)π∗Cc1(B). (82)
Since c1(N ) must be an integer class, not every value of λ is allowed. One often
uses the conditions:
n odd : λ ∈ Z+ 1
2
,
n even : λ ∈ Z, η + c1(B) = 0 mod 2, (83)
λ ∈ Z+ 1
2
, c1(B) = 0 mod 2.
Note that these are only sufficient conditions. In our example, we also consider
the more general case that λ can be of higher fraction.
The SU(n) bundles constructed so far are only µ-semi-stable. It has been
shown [28] that the spectral cover must be irreducible in order to obtain a µ-
stable one11, which imposes two more conditions to the curve η [58]:
11In fact, the proof of stability assumes that the Ka¨hler parameter of the fiber lies in a certain
range near the boundary of the Ka¨hler cone, i.e J = ǫσ+JB with sufficiently small ǫ. Since the
value of ǫ is not known, in all models involving the spectral cover constructions it is therefore
a subtle issue if the region of stability overlaps with the perturbative regime, which is needed
to have control over non-perturbative effects. In all examples which will be relevant for us, the
constraints will leave us enough freedom to go to regions of the Ka¨hler cone where ǫ is much
smaller than JB .
28
• The linear system |η| has to be base point free.
• The class η − nc1(B) has to be effective.
A µ-stable U(n) bundle can be obtained by twisting an SU(n) bundle with
an additional line bundle Q on X with
c1(Q) = qσ + c1(ζ), (84)
where c1(ζ) ∈ H2(B,Z). The resulting U(n) bundle
V = V ⊗ Q (85)
is µ-stable if the original SU(n) bundle is. Using ch(V ⊗ Q) = ch(V) ch(Q), we
can compute the resulting Chern characters of V from the ones of V [59,60] and
Q:
ch1(V ) = nqσ + nc1(ζ), (86)
ch2(V ) =
[
−η + nq
2
(2c1(ζ)− qc1(B))
]
σ + aF , (87)
ch3(V ) = λη(η − nc1(B))− ηc1(ζ) + q
(n
2
c1(ζ)
2 − ω
)
+ (88)
qc1(B)
(
η − nq
2
c1(ζ) +
nq2
6
c1(B)
)
.
Here
aF =
n
2
c1(ζ)
2 − ω, (89)
ω = − 1
24
c1(B)
2(n3 − n) + 1
2
(
λ2 − 1
4
)
nη (η − nc1(B)), (90)
where ch3(V ) has already been integrated over the fiber. The Chern classes read
c1(V ) = nqσ + nc1(ζ), (91)
c2(V ) =
[
η + nq(n− 1)
(
c1(ζ)− q
2
c1(B)
)]
σ +
n2
2
c1(ζ)
2 − aF , (92)
c3(V ) =
nq2
6
(n2 − 3n+ 2) (qc1(B)2 − 3c1(ζ)c1(B)) , (93)
+
nq
2
(n2 − 2n+ 2)c1(ζ)2 + (2q − nq − 2nλ)ηc1(B)
+(n− 2)ηc1(ζ) + 2λη2 − nqaF − 2qω.
To summarize, a U(n) bundle is completely specified by the rational number λ,
the integer q and the classes η and c1(ζ).
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4.3 An example on dP4
The del Pezzo surfaces dPr, r = 0, 1, . . . , 8 are obtained from the complex pro-
jective space P2 by blowing up r points. Hence H2(dPr) is generated by r + 1
elements: l, which is the class inherited from the projective space, and E1, . . . , Er,
generated by the blown-up points. The intersection numbers are
l · l =
∫
dPr
l ∧ l = 1,
Ei · Ej =
∫
dPr
Ei ∧ Ej = −δij , (94)
Ei · l =
∫
dPr
Ei ∧ l = 0,
and the Chern classes read
c1(dPr) = 3l −
r∑
m=1
Em, c2(dPr) = 3 + r. (95)
The effective classes on del Pezzo surfaces form a cone, called Mori cone. The
Mori cone is linearly generated by a finite set of effective classes if r ≤ 8. The
linear system of a curve |η| is base point free if η · E ≥ 0 for every curve E with
E2 = −1 and E · c1(B) = 1, which are precisely the generators of the Mori cone.
We turn now concretely to dP4 as the base space for an elliptically fibered
Calabi-Yau space X . The second Chern class of the tangent bundle is given by
(75),
c2(T ) = [36l − 12
4∑
i=1
Ei] σ + 62F, (96)
where c1(dP4) is expanded in the cohomological basis and F is the class of the
fiber. The Mori cone is generated by the 10 effective classes Ei, l − Ei − Ej ,
i, j = 1, . . . , 4, i 6= j.
We have finally introduced all the relevant technology for constructing inter-
esting solutions. We have found a couple of three-generation flipped SU(5) vacua
satisfying all the required constraints. They are listed in Table 5 of Appendix
B. We choose the following example to demonstrate their properties. The U(4)
bundle is given by the data
λ =
1
4
, q = 0,
η = 14l − 2E1 − 6E2 − 6E3 − 2E4, (97)
c1(ζ) = −l + E2 + E3 + E4.
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Note that the first Chern class of the line bundle N in the spectral cover con-
structon (82) is an integer class, as required:
c1(N ) = 3σ + π∗C (8l − 2E1 − 3E2 − 3E3 − 2E4) . (98)
It is easy to see that |η| is base point free, since its intersection with the generators
of the Mori cone is always positive. One can also easily show that η is effective as
well as η−4c1(dP4) = 2l+2E1−2E2−2E3+2E4. Thus, this bundle is µ-stable.
The resulting Chern classes are
c1(V ) = −4l + 4E2 + 4E3 + 4E4, (99)
c2(V ) = [14l − 2E1 − 6E2 − 6E3 − 2E4] σ − 29F. (100)
In our setup, the first Chern class of the line bundle must be equal to the first
Chern class of the vector bundle (see (55)), thus
c1(L) = −4l + 4E2 + 4E3 + 4E4. (101)
In our example model, we also include M5-branes. Their combined associated
cohomology class is
[W ] = 27F + (22l− 10E1 − 6E2 − 6E3 − 10E4) σ. (102)
To make physical sense, [W ] must be Poincare´ dual to the homology class of a
curve Γ in X , and must be therefore effective. [W ] is effective if its part on the
fiber is greater than or equal to zero and its part on the base is effective in B.
Therefore, we rewrite [W ] in terms of generators of the Mori cone,
[W ] =
∑
a
Naγa = 27F + [12E1 + 6(l −E1 − E2) (103)
+6(l− E1 − E3) + 10(l − E1 −E4)] σ.
The generators of the Mori cone, being irreducible as effective classes, represent
the classes dual to the irreducible curves γa around which we wrap Na five-branes.
In general, this decomposition is in general not unique. However, we also have
to satisfy the constraint
∫
Γa
c1(L) = 0 for a massless U(1)X , and (103) is the
only remaining decomposition compatible with this requirement. The tadpole
cancellation condition (6) for this setup, written in terms of Chern classes, takes
the form
− c2(V ) + 2c21(L)− [W ] = −c2(T ) (104)
and is indeed satisfied. It is a simple calculation to show that the conditions to
keep the U(1)X in the flipped SU(5) model massless hold∫
X
c1(L) ∧ c2(V ) = 0,
∫
Γa
c1(L) =
∫
X
c1(L) ∧ γa = 0. (105)
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Since the Chern class of the line bundle has no part in the fiber, the integral over
its third power trivially vanishes,∫
X
c31(L) = 0, (106)
and thus a contribution to the right-handed electrons from the second E8 factor
is prevented. The number of generations in our example is given by
χ(V ) =
1
2
∫
X
c3(V ) = 3 (107)
since
∫
X
c1(V ) ∧ c2(V ) =
∫
X
c1(L) ∧ c2(V ) = 0.
Expanding the Ka¨hler class in the cohomological basis,
J = l2s(rσσ + r0l +
4∑
m=1
rmEi), (108)
the DUY-equation (66)∫
X
J ∧ J ∧ c1(L) = −8l4srσ(r0 + r2 + r3 + r4) = 0 (109)
fixes one Ka¨hler modulus. There exist solutions inside the Ka¨hler cone. Take as
an example
0 < rσ < 2ρ, r0 = 3ρ, rm = −ρ, m = 1, . . . , 4. (110)
With this choice, equation (109) holds and the Ka¨hler class lies inside the Ka¨hler
cone for every ρ ∈ R+.
The universal gauge coupling for the non-abelian visible gauge group (44) can
be computed as12
4π
g21
=
1
3g2s
(
5r3σ − 15r2σρ+ 15rσρ2
)− 24rσ − 4ρ− (12 − λ5)2(7rσ − 34ρ), (111)
which is positive for a suitable choice of parameters. The abelian gauge couplings
are given by (45,46)
4πRe (fi,i) =
ηi,i
4
(
1
3g2s
(5r3σ − 15r2σρ+ 15rσρ2) (112)
−24rσ − 4ρ− (12 − λ5)2(7rσ − 34ρ)
)
+
320
3
rσ,
4πRe (f1,2) = −160
3
rσ (113)
12Note that in the following equations, λ5 is the five-brane modulus and not the parameter
belonging to the bundle data.
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with η1,1 = 40 and η2,2 = 4. The resulting gauge coupling (67) for the U(1)X is
then positive again:
4πRe fX,X =
65
16
(
1
3g2s
(5r3σ − 15r2σρ+ 15rσρ2)− 24rσ − 4ρ (114)
−(1
2
− λ5)2(7rσ − 34ρ)
)
+
380
3
rσ.
To summarize, this example with three chiral generations satisfies the tadpole
condition (61) as well as the constraints (64) guaranteeing a massless U(1)X . We
have no non-MSSM like selection rules for the Yukawa couplings of the right-
handed electrons since there are indeed no contributions from the second E8 (65).
Furthermore, the Ka¨hler moduli can be chosen such that the DUY equation (66)
holds and the gauge couplings are positive.
In Appendix B, we list all three-generation models we have found on dP4
by a computer search which likewise satisfy all these conditions. We have also
found three-generation examples for a scenario directly giving rise to the Standard
Model gauge symmetry, to be discussed in the next section.
5 Just the SU(3)×SU(2)×U(1)Y gauge symmetry
Since the Standard Model contains an abelian gauge symmetry, one can try to get
the Standard Model gauge symmetry directly from embedding abelian bundles
into E8 × E8. The philosophy is actually very similar to the one presented in
section 3.
5.1 SU(5)× U(1) bundles
The direct breaking of E8 to the Standard Model group is indeed possible by
choosing a bundle with structure group SU(5) × U(1). Now we start with a
bundle
W = V ⊕ L−1, with c1(V ) = c1(L), rank(V ) = 5, (115)
which has structure group SU(5)× U(1). This bundle W can be embedded into
an SU(6) subgroup of E8 such that the commutant is SU(3) × SU(2) × U(1)1.
We embed the U(1) bundle such that
Q1 = (1, 1, 1, 1, 1,−5). (116)
The decomposition of the adjoint representation of E8 reads
248
SU(5)×SU(3)×SU(2)×U(1)1−→

(24; 1, 1)0 + (1; 1, 1)0 + (1; 8, 1)0 + (1; 1, 3)0
(5; 3, 2)1 + (1; 3, 2)−5 + c.c.
(10; 3, 1)2 + (5; 3, 1)−4 + c.c.
(10; 1, 2)3 + (5; 1, 1)6 + c.c.

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and apparently contains states with just the Standard Model quantum numbers.
Here again the U(1)1 by itself cannot remain massless so that we will perform
the same construction as for the flipped SU(5) model. We embed the line bundle
also in the second E8 and realize that here the linear combination
U(1)Y =
1
3
(U(1)1 + 3U(1)2) (117)
remains massless if again the conditions∫
X
c1(L) ∧ c2(V ) = 0,
∫
Γa
c1(L) = 0 (118)
are satisfied. The resulting chiral massless spectrum takes the simple form given
in Table 4.
SU(3)× SU(2)× U(1)Y ×E7 bundle SM part.
(3, 2, 1) 1
3
χ(V ) = g qL
(3, 2, 1)− 5
3
χ(L−1) = 0 −
(3, 1, 1) 2
3
χ(
∧2 V ) = g dcR
(3, 1, 1)− 4
3
χ(V ⊗ L−1) = g ucR
(1, 2, 1)−1 χ(
∧2 V ⊗ L−1) = g lL
(1, 1, 1)2 χ(V ⊗ L) + χ(L−2) = g ecR
(1, 1, 56)1 χ(L
−1) = 0 −
Table 4: Massless spectrum of H = SU(3) × SU(2) × U(1)Y models with g =
1
2
∫
X c3(V ).
Therefore, one gets precisely g generations of Standard Model matter without
a right-handed neutrino. The right-handed electrons have contributions from
both the first and the second E8. The latter are again absent if additionally one
requires ∫
X
c31(L) = 0. (119)
In this model, there are no additional gauge or obvious discrete symmetries car-
ried by the Standard Model particles, so that the dangerous dimension four proton
decay operators are not necessarily vanishing. We refer to Table 6 in Appendix
B for a couple of three-generation examples we have found in this setup.
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5.2 Gauge coupling unification
Let us discuss the issue of gauge coupling unification for these models in more
detail. The discussion for the flipped SU(5) models is very similar. Recall that
if one breaks a stringy SU(5) or SO(10) GUT model via discrete Wilson lines,
the Standard Model gauge couplings unify at the GUT scale 2 · 1016GeV, i.e.
at this scale they satisfy the relation α3 = α2 =
5
3
αY = αGUT . For the weakly
coupled heterotic string, however, the Planck scale comes out too low, which can
be remedied in the strong coupling Horava-Witten theory [34, 44, 45]. Here it
turned out that for the resulting values of M11, ρ and rCY = M
−1
GUT , the higher
order corrections to the gauge couplings could just be ignored compared to the
leading order contributions.
In our models we expect a completely different picture, as the final U(1)Y
gauge symmetry has its origin in both E8 walls. For the non-abelian gauge
couplings of the SU(3) and SU(2) factors including the one-loop contribution we
get
1
α3,2
=
1
3ℓ6sg
2
s
∫
X
J ∧ J ∧ J − 1
ℓ2s
∫
X
J ∧
[
−c2(V ) + c21(L) +
1
2
c2(T )
]
+
1
ℓ2s
∑
a
Na
(
1
2
− λa
)2 ∫
Γa
J. (120)
Using
η1,1 = 60, η2,2 = 4, κ1,1 = 12, κ2,2 = −4, (121)
for the abelian gauge coupling we eventually obtain
1
αY
=
8
3
1
α3,2
− 1
ℓ2s
∫
X
J ∧ [c2(V ) + 4 c21(L)]+ 2ℓ2s
∑
a
Naλa
∫
Γa
J. (122)
Note that these string models do not give rise to the usual GUT tree level relation
αGUT =
5
3
αY but instead αGUT =
8
3
αY , and therefore the tree level gauge cou-
plings do not unify at MGUT (assuming just the MSSM matter content). This is
the phenomenological prize we have to pay for breaking the gauge symmetry by
non-trivial abelian bundles. After performing the same steps, mutatis mutandis,
for our flipped SU(5), we find exactly the same relation (122).
It is striking that just the gauge factor which does not unify with the other
two does receive extra one-loop threshold corrections, so that in principle these
can help to eventually give a unified picture. Defining
1
αY
=
8
3
1
αGUT
+∆ (123)
35
we see that the threshold correction must take the value ∆ = − 1
αGUT
∼ −24
meaning that
1
αY
∣∣∣∣
1−loop
= −3
8
1
αY
∣∣∣∣
tree
. (124)
For αGUT = 1/24, such a relation can just be satisfied with gs < 1 and rCY >
√
α′
for large enough Chern classes of the vector bundles. Of course, in the weakly
coupled heterotic framework, the Planck scale still comes out too low and one
should better consider Horava-Witten theory, where now the next-to-leading or-
der corrections to the gauge couplings should be taken into account.
Alternatively, one can contemplate that extra light Higgs fields, if present in
the non-chiral spectrum, might lead to gauge coupling unification at a different
scale. However, this scale is necessarily lower than the usual GUT scale, which
introduces problems with fast proton decay and worsens the mismatch of the
Planck scale. For instance, with three Higgs fields the three gauge couplings
unify at MGUT = 3 · 1011 GeV with a small threshold correction of only ∆ ∼ 2.
For the example given in section 4 and setting all λa = 0 for simplicity, the
threshold correction is
∆ = − 1
ℓ2s
∫
X
J ∧ [c2(V ) + 4 c21(L)] = 183rσ − 26ρ (125)
and has the correct sign if rσ <
26
183
ρ. Note that with this choice for rσ, the
positivity of the gauge couplings can still be achieved.
6 Conclusions
The use of non-trivial line bundles considerably enlarges the model building flex-
ibility in heterotic string compactifications. It is the aim of this publication to
exemplify this by explicitly constructing realistic GUT and MSSM vacua from
simply-connected Calabi-Yau manifolds carrying specific types of U(N) bundles.
In trying to avoid the use of discrete Wilson lines for GUT breaking we have
been led to the flipped SU(5) scenario, which naturally arises after embedding
an SU(4)×U(1) bundle into one E8 and a particular line bundle into the second.
The GUT breaking down to SU(3)×SU(2)×U(1)Y can be further accomplished
by a Higgs field in the 10 − 10. If one employs instead a bundle of structure
group SU(5)×U(1), one can directly achieve the MSSM gauge group. The bundle
data have to satisfy a couple of constraints which ensure that the hypercharge is
indeed massless and that no exotic matter is present. By analysing the resulting
equations on an elliptically fibered Calabi-Yau over dP4, we have given a couple
of three-generation solutions to these constraints, together with the one imposed
by tadpole cancellation and the loop-corrected DUY equation.
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So far, we have only explored the simplest possible choice of bundles in the
hidden sector. More refined constructions of this type are conceivable, where the
U(1)Y , being a linear combination of abelian factors from both E8’s, might couple
the MSSM matter to the (no more) hidden sector matter. This coupling would
therefore be communicated by the photons as the abelian gauge bosons, whose
status within the MSSM gauge bosons would thus be of a very specific type. If
the hidden matter sector is sufficiently heavy, this can lead to interesting, pos-
sibly even experimentally falsifiable effects within the current phenomenological
bounds. It also provides the natural arena to study the effects of gauge-mediated
SUSY breaking [61].
Along the way, we have seen how the presence of five-branes, required by
tadpole cancellation, modifies the usual Green-Schwarz mechanism in that addi-
tional anomaly counter terms have to be present for a consistent coupling of the
five-branes to the heterotic action. The existence of these terms has been con-
firmed by a direct M-theory computation. In particular, in the Horava-Witten
limit, the abelian background bundle on the E8 orbifold fixed plane generates
an open-membrane induced D-term potential for the five-brane if it wraps an in-
ternal two-cycle whose pull-back to the ten-dimensional end of the world carries
abelian gauge flux. A combination of this novel effect with other known contri-
butions to the F- and D-term potential might have interesting consequences in
cosmological applications (see e.g. [62] and many more articles for discussions of
five-brane potentials of cosmological relevance).
We have seen explicitly that one of the two U(1) factors originally present
in the model becomes massive via a Stueckelberg-type axionic coupling. In this
respect, the heterotic string with U(N) as opposed to SU(N) bundles exhibits
precisely the same features which are by now well-known in Type I and Type
II orientifold constructions (consult [14] for references in that case). A very
remarkable consequence of these massive U(1)’s has been pointed out recently
in [63], where it is argued that a background value for the field strength of the
Kalb-Ramond form along the three non-compact spatial dimensions leads to a
kind of aether carrying the respective global charge of the broken abelian gauge
group, with prospects of an alternative solution of the baryon number asymmetry
problem. It would be particularly interesting to investigate the applicability of
this promising scenario in concrete models also of the heterotic string with line
bundles.
The analysis given in this article has only checked that our models indeed ex-
hibit the topological properties of the three-generation flipped SU(5) and MSSM
respectively. It will be important work to compute the non-chiral part of the
spectrum including in particular the number of GUT and electro-weak Higgses.
Likewise, an analysis of µ-terms and Yukawa-couplings will be indispensible in
order to finally decide about the phenomenological relevance of the concrete so-
lutions, possibly along the lines of [64–66].
The aspect which is of prime importance to us is that the explicit construc-
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tion of similar vacua is not tied to Calabi-Yau backgrounds admitting appro-
priate Wilson lines. Even among the quite restricted class of elliptically fibered
Calabi-Yaus we have only analysed a tiny fraction of geometric and bundle pa-
rameters when searching for interesting solutions. Many more comparable vacua
can probably be constructed. Whether or not they turn out to completely repro-
duce the observed particle physics, they do exist as consistent solutions within
the vast string landscape. A detailed investigation of the topography of this so-
lution space, e.g. in the spirit of [67] for the hidden sector of MSSM-like Gepner
model orientifolds, [68–70] for a class of toroidal intersecting braneworlds and
recently [71] for the free-fermionic corner of heterotic string theory, might be one
more modest step towards investigating the status of Standard Model like vacua
within the landscape. After all, the goal is none less than to understand what a
funny world we live in from the point of view of M-theory.
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A Normalization of the Green-Schwarz term from
Type I string theory
Since there exists some confusion in the literature (including our own papers)
about the correct normalization of the one-loop Green-Schwarz term
SGS = c
∫
B2 ∧X8 (126)
for the heterotic string and Horava-Witten theory, we will now thoroughly de-
rive this term in the S-dual Type I theory. There is overall agreement that the
constant c is of the form
c =
1
3cˆ (2π)5 α′
, (127)
but for the parameter cˆ we found various values cˆ = 1, 8, 16.
Let us now present our derivation from the S-dual Type IIB orientifold point
of view. The starting point is the well established Type IIB action including the
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Chern-Simons terms of a stack of M D9-branes,
SIIB =
1
2κ210
∫
e−2φR− 1
4κ210
∫
G3 ∧ ⋆G3 − 1
2 g2Y
∫
e−φ trU(M) [F ∧ ⋆F ] +
µ9
∫ ∑
n
C2n+2 ∧ ch(iF) ∧
√
Aˆ, (128)
where κ210 =
1
2
(2π)7(α′)4, µ9 =
1
(2π)9(α′)5
, 1
g2
Y
= (2πα′)2µ9 and the Chern characters
chk(iF) = ℓ2ksk! (2π)k trU(M)F . The traces are over the fundamental representation of
the U(M) gauge theory living on the D9-branes and G3 = dC2 denotes the R-R
three-form field strength.
Now we are taking the orientifold projection which means that we devide the
entire action by a factor of two and introduce the Ω image of the stack of branes,
which is a stack of M D9-branes with gauge field −F . Tadpole cancellation fixes
M = 16. The Type I action becomes
SI =
1
4κ210
∫
e−2φR − 1
8κ210
∫
G3 ∧ ⋆G3 − 1
2 g2Y
∫
e−φtrU(16) [F ∧ ⋆F ] +
µ9
∫ ∑
n
C4n+2 ∧ ch(iF) ∧
√
Aˆ. (129)
Utilizing the trace identities
trU(16)[F
2] =
1
2
trSO(32)[F
2] trU(16)[F
4] =
1
48
TrSO(32)[F
4], (130)
with TrSO(32) denoting the trace in the adjoint representation, one can write the
relevant Chern-Simons terms13 as
SI =
1
4κ210
∫
e−2φR − 1
8κ210
∫
G3 ∧ ⋆G3 − 1
4 g2Y
∫
e−φ trSO(32) [F ∧ ⋆F ] +
2
4κ210
α′
4
∫
C6 ∧ trSO(32)[F 2] + 1
48 (2π)5 α′
∫
C2 ∧ 1
24
TrSO(32)[F
4], (131)
from which one might conclude that the normalization is cˆ = 16. This is however
not correct as the kinetic terms are not yet canonically normalized. In order to
bring all three kinetic terms to the canonical form, one has to rescale
C2 → 2
√
2C2, α
′ →
√
2α′, eφ → 1
2
√
2
eφ. (132)
This leads to the action
SI =
1
2κ210
∫
e−2φR− 1
4κ210
∫
G3 ∧ ⋆G3 − 1
2 g2Y
∫
e−φ trSO(32) [F ∧ ⋆F ] +
2
4κ210
α′
4
∫
C6 ∧ trSO(32)[F 2] + 1
24 (2π)5 α′
∫
C2 ∧ 1
24
TrSO(32)[F
4] (133)
13Since we are only interested in the normalization factors, we just consider the F-dependent
pieces and do not explicitly write down the curvature pieces arising from the Aˆ-genus.
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with the Type I gauge coupling 1
g2
Y
= 1
2(2π)7(α′)3
. This action is really S-dual to
the heterotic string action as given e.g. in [38]. Therefore we conclude that the
correct normalization of the heterotic Green-Schwarz term is cˆ = 8, so that
SGS =
1
24(2π)5 α′
∫
B2 ∧X8 (134)
if the all the fields are canonically normalized as in [38].
B Three-generation examples
We list all examples we have found by a computer search on elliptically fibered
Calabi-Yau spaces with base spaces dPr, r = 1, . . . , 4 and the Hirzebruch surfaces
Fr in a range from−10, . . . , 10 for all parameters. We have found three-generation
models only on dP4. Table 5 contains the three-generation flipped SU(5) models,
whereas in table 6 we list all three-generation vacua directly with MSSM gauge
group (see section 5) which we have found.
λ η q c1(ζ) [W ]
1
4
14l − 2E1 − 6E2 − 6E3 − 2E4 0 −l+ E2 + E3 +E4 27F + (22l − 10E1 − 6E2 − 6E3 − 10E4)σ
1
4
18l − 10E1 − 6E2 − 6E3 − 6E4 0 −l+ E2 + E3 +E4 27F + (18l − 2E1 − 6E2 − 6E3 − 6E4)σ
1
4
14l − 6E1 − 2E2 − 2E3 − 6E4 0 −E1 + E4 27F + (22l − 6E1 − 10E2 − 10E3 − 6E4)σ
1
4
14l − 2E1 − 6E2 − 6E3 − 2E4 0 −E1 + E4 27F + (22l − 10E1 − 6E2 − 6E3 − 10E4)σ
1
4
18l − 6E1 − 10E2 − 6E3 − 6E4 0 −E1 + E4 27F + (18l − 6E1 − 2E2 − 6E3 − 6E4)σ
1
4
14l − 2E1 − 6E2 − 6E3 − 2E4 0 l − E1 −E2 − E3 27F + (22l − 10E1 − 6E2 − 6E3 − 10E4)σ
1
4
18l − 6E1 − 6E2 − 6E3 − 10E4 0 l − E1 −E2 − E3 27F + (18l − 6E1 − 6E2 − 6E3 − 2E4)σ
Table 5: Flipped SU(5)× U(1)X models on dP4.
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λ η q c1(ζ) [W ]
1
2
15l − 3E1 − 5E2 − 5E3 − 5E4 0 −l +E2 + E3 +E4 7F + (21l − 9E1 − 7E2 − 7E3 − 7E4)σ
1
2
15l − 2E1 − 5E2 − 5E3 − 5E4 0 −l +E2 + E3 +E4 7F + (21l − 10E1 − 7E2 − 7E3 − 7E4)σ
1
2
17l − 7E1 − 7E2 − 5E3 − 5E4 0 −l +E2 + E3 +E4 7F + (19l − 5E1 − 5E2 − 7E3 − 7E4)σ
1
2
18l − 8E1 − 8E2 − 5E3 − 5E4 0 −l +E2 + E3 +E4 7F + (18l − 4E1 − 4E2 − 7E3 − 7E4)σ
1
2
20l − 3E1 − 10E2 − 10E3 0 −l +E2 + E3 +E4 7F + (16l − 9E1 − 2E2 − 2E3 − 12E4)σ
1
2
20l − 2E1 − 10E2 − 10E3 0 −l +E2 + E3 +E4 7F + (16l − 10E1 − 2E2 − 2E3 − 12E4)σ
1
2
15l − 5E1 − 5E2 − 3E3 − 5E4 0 −E1 +E4 7F + (21l − 7E1 − 7E2 − 9E3 − 7E4)σ
1
2
15l − 5E1 − 5E2 − 2E3 − 5E4 0 −E1 +E4 7F + (21l − 7E1 − 7E2 − 10E3 − 7E4)σ
1
2
15l − 5E1 − 3E2 − 5E4 0 −E1 +E4 7F + (21l − 7E1 − 9E2 − 12E3 − 7E4)σ
1
2
15l − 5E1 − 2E2 − 5E4 0 −E1 +E4 7F + (21l − 7E1 − 10E2 − 12E3 − 7E4)σ
1
2
15l − 5E2 − 3E3 0 −E1 +E4 7F + (21l − 12E1 − 7E2 − 9E3 − 12E4)σ
1
2
17l − 7E1 − 5E2 − 5E3 − 7E4 0 −E1 +E4 7F + (19l − 5E1 − 7E2 − 7E3 − 5E4)σ
1
2
17l − 7E1 − 5E2 − 7E4 0 −E1 +E4 7F + (19l − 5E1 − 7E2 − 12E3 − 5E4)σ
1
2
17l − 7E1 − 7E4 0 −E1 +E4 7F + (19l − 5E1 − 12E2 − 12E3 − 5E4)σ
1
2
17l − 5E1 − 7E2 − 7E3 − 5E4 0 −E1 +E4 7F + (19l − 7E1 − 5E2 − 5E3 − 7E4)σ
1
2
17l − 7E2 − 7E3 0 −E1 +E4 7F + (19l − 12E1 − 5E2 − 5E3 − 12E4)σ
1
2
18l − 8E1 − 5E2 − 5E3 − 8E4 0 −E1 +E4 7F + (18l − 4E1 − 7E2 − 7E3 − 4E4)σ
1
2
18l − 8E1 − 5E2 − 8E4 0 −E1 +E4 7F + (18l − 4E1 − 7E2 − 12E3 − 4E4)σ
1
2
18l − 8E1 − 8E4 0 −E1 +E4 7F + (18l − 4E1 − 12E2 − 12E3 − 4E4)σ
1
2
18l − 5E1 − 8E2 − 8E3 − 5E4 0 −E1 +E4 7F + (18l − 7E1 − 4E2 − 4E3 − 7E4)σ
1
2
18l − 8E2 − 8E3 0 −E1 +E4 7F + (18l − 12E1 − 4E2 − 4E3 − 12E4)σ
1
2
20l − 10E1 − 5E2 − 3E3 − 10E4 0 −E1 +E4 7F + (16l − 2E1 − 7E2 − 9E3 − 2E4)σ
1
2
20l − 10E1 − 5E2 − 2E3 − 10E4 0 −E1 +E4 7F + (16l − 2E1 − 7E2 − 10E3 − 2E4)σ
1
2
20l − 10E1 − 3E2 − 10E4 0 −E1 +E4 7F + (16l − 2E1 − 9E2 − 12E3 − 2E4)σ
1
2
20l − 10E1 − 2E2 − 10E4 0 −E1 +E4 7F + (16l − 2E1 − 10E2 − 12E3 − 2E4)σ
1
2
15l − 5E1 − 5E2 − 5E3 − 3E4 0 l− E1 −E2 − E3 7F + (21l − 7E1 − 7E2 − 7E3 − 9E4)σ
1
2
15l − 5E1 − 5E2 − 5E3 − 2E4 0 l− E1 −E2 − E3 7F + (21l − 7E1 − 7E2 − 7E3 − 10E4)σ
1
2
17l − 7E1 − 5E2 − 5E3 − 7E4 0 l− E1 −E2 − E3 7F + (19l − 5E1 − 7E2 − 7E3 − 5E4)σ
1
2
18l − 8E1 − 5E2 − 5E3 − 8E4 0 l− E1 −E2 − E3 7F + (18l − 4E1 − 7E2 − 7E3 − 4E4)σ
1
2
20l − 10E1 − 10E2 − 3E4 0 l− E1 −E2 − E3 7F + (16l − 2E1 − 2E2 − 12E3 − 9E4)σ
1
2
20l − 10E1 − 10E2 − 2E4 0 l− E1 −E2 − E3 7F + (16l − 2E1 − 2E2 − 12E3 − 10E4)σ
Table 6: SU(3)× SU(2)× U(1) models on dP4.
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